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Abstract
We present real-time lattice simulation results for nonequilibrium quark production from an over-occupied gluon plasma
in longitudinally expanding geometry. The quark number density per unit transverse area and rapidity shows almost
linear growth in time, and its growth rate appears to be consistent with a simple kinetic theory estimate involving only
two-to-two scattering processes in small-angle approximation. We also find that quarks produced at early times satisfy
a nonequilibrium scaling law.
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1. Introduction
In the high-energy limit of heavy-ion collisions, the system right after a collision is described as an
over-occupied gluon plasma expanding in the beam direction. While the QCD coupling αs is weak at high
energies, the system is strongly correlated because the typical occupation number of gluons is inversely
proportional to the coupling. First-principles-based descriptions of such nonequilibrium and strongly corre-
lated systems are possible by means of classical-statistical gauge theory simulations [1]. In the pure gluonic
sector, much progress has been made recently in theoretical descriptions of the early stage of heavy-ion
collisions [2].
To find observable consequences of the early stage of heavy-ion collisions, the understanding of quark
dynamics is crucial since they directly couple to electromagnetic probes. The pre-equilibrium quark dynam-
ics has relevance also in investigations of the chiral magnetic effect [3] as well as in the understanding of
chemical equilibration between gluons and light quarks [4]. In this contribution, we present the first results
on 3 + 1 dimensional real-time lattice simulations of nonequilibrium quark production in the longitudinally
expanding QCD plasma [5].
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Fig. 1. Time evolution of the quark number density. The inset shows the early-time behavior. The lattice result is compared to a simple
kinetic theory estimate.
2. Real-time lattice simulations
By a systematic weak-coupling expansion around strong gauge fields, one can derive evolution equa-
tions for classical-statistical gauge fields and dynamical quark fields based on the Schwinger–Keldysh path
integral formalism [6]. Within this approximation, the over-occupied non-Abelian gauge fields obey the
classical Yang–Mills equations [
Dµ , F
µν
]
= Jν (1)
with fluctuating initial conditions. Here, Jν stands for the color current induced by dynamical quarks cor-
responding to backreaction from quarks to the gauge fields. The quantum dynamics of quarks under the
strong gauge fields is described by the Dirac equation for the quark mode functions:(
iγµDµ − m
)
ψn(x) = 0 , (2)
where n denotes quantum numbers of a quark. We have solved lattice-discretized versions of these equations
in proper time τ =
√
t2 − z2 and rapidity η = atanh(z/t) coordinates.
To extract the information of the time evolution from the solutions of the evolution equations, we com-
pute the momentum distribution functions for quarks fq(τ, p) and for gluons fg(τ, p) that are defined by the
projection of the fields onto free modes. As an initial condition for the gauge sector, we assume the gauge
field modes to have an initial distribution
fg(τ0, p⊥, pz) =
1
g2
Θ
(
Qs −
√
p2⊥ + (ξ0pz)2
)
, (3)
where Qs is the characteristic momentum (saturation) scale and ξ0 is the initial anisotropy parameter.
The over-occupied gluon plasma characterized by such a distribution is expected to form at a time τ0 ∼
Q−1s ln
2 α−1s after the coherent initial gauge fields decay due to instabilities [7]. For the quark sector, the
vacuum initial condition that corresponds to fq(τ0, p) = 0 is assumed.
More details of the formulation can be found in Ref. [5].
3. Numerical results
We present numerical results for the real-time lattice QCD simulations with Nc = 2 and N f = 1. The
values of the coupling constant, the initial time and the anisotropy parameter are fixed to g = 10−2, Qsτ0 =
100 and ξ0 = 2. For results with large N f such that N f g2 is order one, we refer to Ref. [5].
In Fig. 1, the total quark number density per unit transverse area and unit rapidity
dNq
d2x⊥dη
= 4NcN f τ
∫
d3p
(2pi)3
fq(τ, p) (4)
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Fig. 2. The quark distribution function at earlier times Qsτ ≤ 110. Left: The transverse momentum distribution at pz = 0. Right: The
longitudinal momentum distribution at p⊥ = 0.
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Fig. 3. The quark distribution function at later times Qsτ ≥ 110. Left: The transverse momentum distribution at pz = 0. Right: The
longitudinal momentum distribution at p⊥ = 0.
is plotted as a function of time τ. As shown in the inset, it exhibits rapid increase at early times Qsτ <∼ 101,
which can be interpreted as nonperturbative particle production from the initial quench. At later times
Qsτ >∼ 130, the total quark number density increases almost linearly in time. Remarkably, this linearly
increasing behavior may be well explained by an effective kinetic theory description. In Fig. 1, a simple
kinetic theory estimate that involves only two-to-two scattering processes with small-angle approximation
is plotted for comparison with the lattice result. The production rate is well reproduced by the kinetic theory
estimate. We emphasize that there is a priori no reason to expect the kinetic description to agree with the
lattice results even in the order of magnitude accuracy, because the occupation number of gluons ∼ 1/g2 is
nonperturbatively large. This observation indicates that the effective kinetic theory description may be more
robust than one can expect based on perturbative power counting.
Fig. 2 shows the quark distribution function at earlier times Qsτ ≤ 110. In this time range, an occupation
number of order one is quickly developed. This result confirms that the quark production is seizable even at
weak coupling, as expected from the presence of highly occupied gluons.
The evolution behavior at later times Qs ≥ 110 shown in Fig. 3 looks quite different from that at earlier
times. Remarkably, the width of the longitudinal momentum distribution becomes almost constant for Qsτ ≥
150. This behavior is in contrast to free-streaming, where the width of the longitudinal distribution shrinks
in time as pz ∼ 1/τ due to the expansion of the system. The nonequilibrium steady state characterized by the
constant width emerges because the effect of the momentum broadening caused by the particle production
and scattering is balanced with the effect of the system expansion. This observation is consistent with the
linearly increasing behavior of the total quark number density seen in Fig. 1.
The quark mass dependence of the transverse spectra at time Qsτ = 110 is depicted in Fig. 4. The left
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Fig. 4. The integrated transverse spectrum for different quark masses at Qsτ = 110 as a function of transverse momentum (left) and
of transverse mass (right). In the right panel, an exponential function A exp(−
√
p2⊥ + m2/Qs) is plotted as a dashed line with fit value
A = 1.15.
panel shows the spectra as a function of p⊥. The production of heavy quarks are suppressed and the natural
mass ordering can be seen. The spectra for m/Qs = 0.01 and 0.1 are almost degenerated. For Qs ' 1
GeV, this result indicates that the production rate of the three light quark flavors in QCD are comparable.
In the right panel, the spectra are plotted as a function of transverse mass mT =
√
p2⊥ + m2. Interestingly,
all data points for different masses lie on top of each other in the region mT >∼ Qs. This means that the
quark transverse spectrum in this momentum region is only a function of transverse mass. Furthermore,
the shape of the overlapped region is consistent with an exponential function with an inverse slope Qs.
We note that this nonequilibrium scaling law can be seen only at earlier times when the nonperturbative
rapid quark production is dominant. At later times, the transverse-mass scaling becomes less obvious. This
is because the later-time quark production is well described by two-to-two scattering processes, and the
kinetic processes in general do not satisfy the transverse-mass scaling.
4. Summary
We have investigated the nonequilibrium evolution of dynamical quarks and classical-statistical gauge
fields in longitudinally expanding geometry by using real-time lattice simulation techniques. The quark
production from the over-occupied gluon plasma can be characterized by two temporal stages. In the earlier
time regime, rapid and abundant quark production happens and the quark momentum distribution satisfies
a nonequilibrium scaling law. In the later stage, the total quark number density shows an almost linear
growth in time, which appears to be consistent with a simple kinetic estimate that includes only two-to-two
scatterings.
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